Abstract. The notion of r-stackedness for simplicial polytopes was introduced by McMullen and Walkup in 1971 as a generalization of stacked polytopes. In this paper, we define the r-stackedness for triangulated homology manifolds and study their basic properties. In addition, we find a new necessary condition for face vectors of triangulated manifolds when all the vertex links are polytopal.
Introduction
A triangulated d-ball is said to be r-stacked if it has no interior faces of dimension ≤ d − r − 1, and the boundary of an r-stacked d-ball is called an r-stacked (d−1)-sphere. It is known that r-stacked d-balls and (d − 1)-spheres with r < β i (∆) = dim k H i (∆; k) is the ith Betti number of ∆ over k. A simplicial complex is said to be pure if all its facets have the same dimension. A (k-)homology d-manifold without boundary is a d-dimensional pure simplicial complex all whose vertex links are k-homology spheres. A pure d-dimensional simplicial complex ∆ is said to be a (k-)homology d-manifold with boundary if it satisfies (i) for all ∅ = F ∈ ∆, β i (lk ∆ (F )) vanish for i = d − #F and is equal to 0 or 1 for i = d − #F .
(ii) the boundary ∂∆ = {F ∈ ∆ : β i (lk ∆ (F )) = 0} ∪ {∅} of ∆ is a k-homology (d − 1)-manifold without boundary.
Triangulations of topological manifolds are examples of homology manifolds. Also, condition (ii) can be omitted if we replace k by Z (see [Mi] ). We say that a homology d-manifold ∆ with boundary is r-stacked if it has no interior faces (namely, faces which are not in ∂∆) of dimension ≤ d − r − 1. Also, a homology manifold without boundary is said to be r-stacked if it is the boundary of an r-stacked homology manifold with boundary. We prove the following properties for r-stacked homology manifolds.
(a) Enumerative criterion: We give a simple criterion for the r-stackedness in terms of h-vectors and Betti numbers for homology manifolds with boundary (Theorem 3.1). Also, we give a similar result for (r − 1)-stacked homology (d − 1)-manifolds without boundary with r ≤ d 2 when all the vertex links are polytopal (Corollary 5.5). In particular, these results prove that r-stackedness depends only on face numbers and Betti numbers for these manifolds. (e) Theg-vector -a new necessary condition for face vectors: Motivated by a recent conjecture given by Bagchi and Datta, we define theg-vector of a simplicial complex ∆, and show that it is an M -vector if ∆ is an (r − 1)-stacked homology (d − 1)-manifolds without boundary when r ≤ d 2 . Moreover, regardless of stackedness, we show that the same result holds for connected orientable rational homology manifolds all whose vertex links are polytopal (Theorem 5.4).
Most of the results listed above are natural extensions of known results for triangulated balls and spheres. However their proofs are not straightforward and we believe that these properties are useful in the study of face numbers of triangulated manifolds. Indeed, the results about theg-vector prove a refinment of [BD2, Conjecture 1.6] for orientable homology manifolds all whose vertex links are polytopal.
About (c) and (d), the same results were proved independently by Bagchi and Datta [BD3, Theorem 2.19] with essentially the same proof. Their results also prove vanishing of missing faces in (b). This paper is organized as follows. In Section 2, we recall basic properties of h -and h -vectors which play an important role in the study of face numbers of homology manifolds. In Section 3, we study rstacked homology manifolds with boundary. In Sections 4 and 5, we study r-stacked homology manifolds without boundary and consider theg-vector. Some of the proofs are omitted from this extended abstract, for space limit, and can be found in the full version of this paper, at math arXiv:1209.0868.
h -and h -vectors
In this section, we recall h -and h -vectors and their algebraic meanings. We first recall some basics on simplicial complexes. A simplicial complex ∆ on the vertex set V is a collection of subsets of V satisfying that F ∈ ∆ and G ⊂ F imply G ∈ ∆. Elements of ∆ are called faces of ∆ and subsets of V which are not faces of ∆ are called non-faces of ∆. The maximal faces of ∆ (with respect to inclusion) are called the facets of ∆ and the minimal non-faces of ∆ are called the missing faces of ∆. The dimension of a face (or a missing face) F is #F − 1, where #X denotes the cardinality of a finite set X, and a face (or a missing face) of dimension k is called a k-face (or a missing k-face). Also, the dimension of a simplicial complex is the maximum dimension of its faces. For a simplicial complex
Now we define h -and h -vectors. For a simplicial complex
for i = 0, 1, . . . , d, and by
If one knows the Betti numbers of ∆, then knowing h(∆) is equivalent to knowing h (∆) (or h (∆)). h -and h -vectors have nice algebraic meanings in terms of Stanley-Reisner rings. Let S = k[x 1 , . . . , x n ] be a polynomial ring over a field k with deg x i = 1 for all i. For a simplicial complex ∆ on [n] = {1, 2, . . . , n}, the Stanley-Reisner ring of ∆ is the quotient ring
. If ∆ has dimension d − 1 and k is infinite, there is a sequence Θ = θ 1 , . . . , θ d ∈ S 1 of linear forms such that dim k (S/(I ∆ + (Θ))) < ∞. This sequence Θ is called a linear system of parameters (l.s.o.p. for short) of k [∆] . In the rest of this paper, we always assume that k is infinite.
A simplicial complex
Note that any Cohen-Macaulay simplicial complex is pure. A pure simplicial complex is said to be Buchsbaum (over k) if all its vertex links are Cohen-Macaulay. Homology manifolds are examples of Buchsbaum simplicial complexes.
Let m = (x 1 , . . . , x n ) be the graded maximal ideal of S. For a graded S-module N , let F N (t) = i∈Z (dim k N i )t i be the Hilbert Series of N , where N i is the graded component of N of degree i, and let Soc (N ) = {f ∈ N : mf = 0} be the socle of N . The following results shown in [Sc, p. 137] and [NS1, Theorem 3.5] give algebraic meanings of h -and h -vectors.
In the rest of this section, we study the relation between the vanishing of h -numbers and missing faces. For a homogeneous ideal I ⊂ S, let µ k (I) be the number of elements of degree k in a minimal generating set of I, namely, µ k (I) = dim k (I/mI) k . Since missing faces of ∆ correspond to the minimal generators of I ∆ , µ k (I ∆ ) is equal to the number of missing (k − 1)-faces of ∆.
Lemma 2.2 Let I ⊂ S be a homogeneous ideal, w ∈ S 1 a linear form and k ≥ 2 an integer. If the multiplication ×w : (S/I) k−1 → (S/I) k is injective then µ k (I) = µ k (I + (w)).
Proof: It is clear that µ k (I) ≥ µ k (I + (w)) for k ≥ 1 even without injectivity assumption. We show µ k (I) ≤ µ k (I + (w)). Let σ 1 , . . . , σ t ∈ I be elements of degree k which are linearly independent in I/mI. What we must prove is that they are also linearly independent in (I + (w))/m(I + (w)).
Let τ = λ 1 σ 1 + · · · + λ t σ t ∈ m(I + (w)), where λ 1 , . . . , λ t ∈ k. We claim τ ∈ mI. Indeed, if τ ∈ mI then there are ρ ∈ mI and ρ ∈ I such that τ = ρ + wρ , which implies ρ is in the kernel of the multiplication map ×w : (S/I) k−1 → (S/I) k , contradicting the assumption.
2
The following statement appears in [Sc, Corollary 2.5 and Theorem 4.3] .
, and let K(i) be the kernel of
(ii) ∆ has no missing faces of dimension ≥ r + 1.
. Since h r (∆) = 0, by Lemma 2.1(ii) all elements in S/(I ∆ + (Θ)) of degree r are contained in the socle of S/(I ∆ + (Θ)). This fact implies proving (i) . Moreover, this fact and Lemmas 2.2 and 2.4 show µ k (I ∆ ) = µ k (I ∆ + (Θ)) for k ≥ r + 1. Since S/(I ∆ + (Θ)) r+1 = 0 by (1), the statement (ii) follows from Lemma 2.3. 2
Stacked manifolds with boundary
In this section, we study r-stacked manifolds with boundary. Recall that a homology d-manifold with boundary is said to be r-stacked if it has no interior faces of dimension ≤ d − r − 1 and that a homology manifold without boundary is said to be r-stacked if it is the boundary of an r-stacked homology manifold with boundary. For a simplicial complex
Enumerative criterion
It is known that a homology ball ∆ is (r − 1)-stacked if and only if h r (∆) = 0. See [Mc, Proposition 2.4 ]. We first extend this property for stacked manifolds. Let ∆ be a homology (d − 1)-manifold with boundary. Then the Dehn-Sommerville relations for homology manifolds with boundary [Gr, Corollary 2.2] say
where (2), we obtain
Theorem 3.1 Let 1 ≤ r ≤ d and let ∆ be a homology (d − 1)-manifold with boundary. Then ∆ is (r − 1)-stacked if and only if h r (∆) = 0.
Proof: We first prove that ∆ is (r − 1)-stacked if and only if
and
By comparing the coefficients of the polynomials in (4) and (5), we conclude that
We first prove the 'if' part. Suppose h r (∆) = 0. Then we have h k (∆) = 0 for all k ≥ r, as h (∆) is an M -sequence by Lemma 2.1(ii). Also, β r (∆) = · · · = β d−1 (∆) = 0 by Proposition 2.5. Then the Dehn-Sommerville relation (3) shows
for all i ≤ d − r, as desired. Next, we prove the 'only if' part. Suppose
The claim is clear for i = 0 by (6). For i > 0, by induction the second summand on the right-hand side of (6) vanish.
Since h -vectors and Betti numbers are non-negative we have
Vanishing of missing faces
If ∆ is an (r − 1)-stacked triangulated ball then ∆ is Cohen-Macaulay and h r (∆) = 0. These facts and Lemmas 2.2 and 2.3 say that ∆ has no missing faces of dimension ≥ r (another proof of this fact was given in [BD3, Lemma 2.10]). Proposition 2.5 and Theorem 3.1 prove an analogue of this fact for manifolds.
Corollary 3.2 Let ∆ be an (r − 1)-stacked homology manifold with boundary. Then
(ii) ∆ has no missing k-faces of dimension ≥ r + 1.
Finally, we give a few known examples of stacked manifolds.
Example 3.3 (Kühnel-Lassmann construction [Kü, KüL] ) Let K d,n be the simplicial complex on [n] generated by the facets {{i, i + 1, . . . , i + d − 1} : i = 1, 2, . . . , n},
is a homology manifold whose boundary triangulates either S 1 × S d−3 or a non-orientable S d−3 -bundle over S 1 depending on the parity of d [KüL] . Since the interior faces of K d,n are those containing one of {i, i + 1, . . . , i + d − 2} for i = 1, 2, . . . , n, the simplicial complex K d,n is 1-stacked and has the h -vector (1, n − d, 0, . . . , 0). Remark 3.5 If ∆ is an (r − 1)-stacked triangulated ball then ∆ has no missing r-faces. However, an (r − 1)-stacked homology manifold with boundary could have missing r-faces. Indeed, the simplicial complex K 4,7 in Example 3.3 is 1-stacked but has a missing face {1, 4, 7}.
Stacked manifolds without boundary
In Sections 4 and 5, we study (r − 1)-stacked (d − 1)-manifolds without boundary with r ≤ d 2 . In this section, we study these manifolds from combinatorial viewpoints.
Uniqueness of stacked manifolds
A homology d-manifold ∆ with boundary is said to be a
where skel r (F ) = {G ⊂ F : #G ≤ r + 1} is the r-skeleton of F . This simplicial complex can be defined algebraically. For a homogeneous ideal I ⊂ S, let I ≤k be the ideal generated by all elements in I of degree ≤ k. Then it is easy to see that (I ∆ ) ≤r+1 = I ∆(r) .
For Proof: Observe that Σ has no missing faces of dimension ≥ r (see the discussion before Corollary 3.2). Then we have I Σ = (I Σ ) ≤r . Since Σ and ∆ have the same (d − r)-skeleton and r − 1 ≤ d − r, we have
The following is an extension of Lemma 4.1. 
Vanishing of missing faces
It was shown by Kalai [Ka2, Proposition 3.6] and Nagel [Na, Corollary 4.6 
(ii) ∆ has no missing k-faces with r + 1 ≤ k ≤ d − r.
Proof: Let Σ be an (r − 1)-stacked homology d-manifold with ∂Σ = ∆. Since Σ and ∆ have the same 
Local criterion
Next, we discuss a local criterion of stackedness. We say that a homology d-manifold without boundary is locally r-stacked if all its vertex links are r-stacked. It is clear from the definition that if a homology manifold ∆ is r-stacked then it is locally r-stacked. It was shown by Kalai [Ka2, Proposition 3.5 ] that if r < Proof: The 'only if' part is obvious. The proof of the 'if' part is similar to that of [Mc, Theorem 5 .3], however, for space limit, it is omitted. 2
Remark 4.7 Theorem 4.6 fails for r = d 2 . Indeed, the join ∆ of boundaries of two r-simplices is a (2r − 1)-sphere which is not (r − 1)-stacked but it is locally (r − 1)-stacked. Indeed, ∆ is not (r − 1)-stacked since ∆(r − 1) is the power set of [n] . Also, ∆ is locally (r − 1)-stacked since, for every vertex v of ∆, lk ∆ (v) is the boundary of the join of an (r − 1)-simplex and the boundary of an r-simplex.
Remark 4.8 Theorems 4.2 (for r < d 2 ), 4.4(ii) and 4.6 were also proved independently by Bagchi and Datta [BD3, Theorem 2.19] with essentially the same method.
New necessary condition for face numbers of manifolds
McMullen and Walkup [MW] conjectured that, for the boundary complex ∆ of a simplicial d-polytope, one has h r−1 (∆) ≤ h r (∆) for r ≤ d 2 and if equality holds for some r then ∆ is (r − 1)-stacked. This conjecture is called the generalized lower bound conjecture (GLBC for short). The first part of the GLBC was solved by Stanley [St1] in his proof of the necessity of the g-theorem and the second part of the GLBC was recently proved in [MN] . Recall that a connected homology d-manifold ∆ without boundary is said to be orientable if β d (∆) = 1. Motivated by the GLBC, Bagchi and Datta [BD2, Conjecture 1.6] suggested the following conjecture. (ii) if an equality holds for some r <
Concerning part (i) of the conjecture, a similar conjecture was given by Swartz [Sw] . Moreover, it was proved by Novik and Swartz that (i) holds for all homology manifolds all whose vertex links satisfy certain algebraic property called the weak Lefschetz property. See [NS3, p. 270, Inequality (9) ]. Also, the conjecture is known to be true for orientable manifolds when r = 2 [NS1, Theorem 5.2].
Conjecture 5.1 suggests us to study the following invariant of simplicial complexes, which we call thẽ g-vector. For a simplicial complex
for r = 0, 1, 2, . . . , Proof: Since ∆ and ∂∆ have the same
, and, as shown in the proof of Theorem 3.1,
from the above equation, we obtain the desired equation.
Recall that a vector h = (h 0 , h 1 , . . . , h t ) ∈ Z t+1 is said to be an M -vector if there is a standard graded k-algebra A such that h k = dim k A k for k = 0, 1, . . . , t. Lemma 2.1(ii) shows that, in Proposition 5.2,g(∂∆) is not only a non-negative vector but also an M -vector. It is natural to ask ifg(∂∆) is an M -vector for any homology manifold without boundary. In this section, we prove that this property as well as Conjecture 5.1 hold for orientable homology manifolds all whose links satisfy a certain algebraic condition described below.
We say that a homology (d − 1)-sphere ∆ on [n] has the weak Lefschetz property (WLP for short) if there is an l.s.o.p. Θ of k[∆] = S/I ∆ and a linear form w ∈ S 1 such that the multiplication
is injective for i ≤ d+1 2 and is surjective for i ≥ d+1 2 . Note that it is known that the boundary complex of a simplicial polytope has the WLP over the rationals.
The following result is due to Swartz [Sw, Theorem 4 .26] 
(ii) ifg r (∆) = 0 for some r < d 2 then ∆ is locally (r − 1)-stacked. Theorem 5.4(i) extends the result of Novik and Swartz [NS3] who proved the non-negativity ofgvectors for homology manifolds all whose vertex links have the WLP, and Theorem 5.4(ii) proves that Conjecture 5.1(ii) holds for these manifolds. In particular, Conjecture 5.1 holds for any rational orientable homology manifold all whose vertex links are polytopal, namely, are the boundary complexes of simplicial polytopes. It was conjectured that any homology sphere has the WLP. Thus, if this conjecture is true then Conjecture 5.1 holds for all orientable homology manifolds.
The proof of Theorem 5.4, for space limit, is omitted. The local criterion for stackedness and Theorem 5.4 imply the following criterion for stackedness.
Corollary 5.5 Let r < Question 5.7 Is it true that if ∆ is a homology (2k − 1)-manifold without boundary such thatg k (∆) = 0 then ∆ is (k − 1)-stacked?
A similar question was raised by Problem 5 .3] when k = 2. However, we do not have an answer even for this case.
